The calculation of the two-loop corrections to the three jet production rate and to event shapes in electron-positron annihilation requires the computation of a number of up to now unknown twoloop four-point master integrals with one off-shell and three on-shell legs. In this paper, we compute those master integrals which correspond to planar topologies by solving differential equations in the external invariants which are fulfilled by the master integrals. We obtain the master integrals as expansions in ǫ = (4 − d)/2, where d is the space-time dimension. The results are expressed in terms of newly introduced two-dimensional harmonic polylogarithms, whose properties are shortly discussed. For all two-dimensional harmonic polylogarithms appearing in the divergent parts of the integrals, expressions in terms of Nielsen's polylogarithms are given. The analytic continuation of our results to other kinematical situations is outlined.
Introduction
The calculation of perturbative next-to-next-to-leading order corrections to 2 → 2 scattering or 1 → 3 decay processes is a yet outstanding task for many precision applications in particle physics phenomenology. Progress in this field was up to very recently hampered by difficulties in the calculation of the virtual two-loop corrections to the corresponding Feynman amplitudes.
Using dimensional regularisation [1] [2] [3] with d = 4 − 2ǫ dimensions as regulator for ultraviolet and infrared divergences, the large number of different integrals appearing in the two-loop Feynman amplitudes for 2 → 2 scattering or 1 → 3 decay processes can be reduced to a small number of master integrals. The techniques used in these reduction are integration-by-parts identities [3] [4] [5] and Lorentz invariance [6] . A computer algorithm for the automatic reduction of all two-loop four-point integrals was described in [6] .
For two-loop four-point functions with massless internal propagators and all legs on-shell, which are relevant for example in the next-to-next-to-leading order calculation of two jet production at hadron colliders, all master integrals have been calculated over the past year [7] [8] [9] [10] [11] [12] . To compute the next-to-next-to-leading order corrections to observables such as the three jet production rate in electron-positron annihilation, two plus one jet production in deep inelastic electron-proton scattering or vector boson plus jet production at hadron colliders, one requires a different class of integrals: two-loop four-point functions with massless internal propagators and one external leg off-shell. Since these functions involve one scale more than their on-shell counterparts, one expects the corresponding master integrals to be more complicated, and also to be more numerous. First progress towards the computation of these master integrals has been made very recently by Smirnov, who computed the planar double box integral with all propagators raised to unit power [13] . Using a Mellin-Barnes contour integral technique, Smirnov obtained an analytic expression for the divergent parts and a one-dimensional integral representation for the finite term. Complementary work on the purely numerical evaluation of this type of master integrals has been presented recently by Binoth and Heinrich [14] .
In this paper, we compute all master integrals appearing in the reduction of planar two-loop fourpoint functions with one external leg off-shell. The method employed here is substantially different from the techniques used in [13, 14] : for all master integrals under consideration, we derived inhomogeneous differential equations [6] in the external invariants. The master integrals are then determined by solving these equations in terms of newly introduced two-dimensional harmonic polylogarithms and subsequent matching of the solution to the boundary condition.
In Section 2, we briefly review the use of the differential equation approach to the computation of master integrals. To solve the differential equations for two-loop four-point master integrals with one off-shell leg, we employ an ansatz which is the product of a rational function of the kinematic invariants times the sum of two-dimensional harmonic polylogarithms (2dHPL). We explain how the unknown parameters in the ansatz are determined from the differential equation and its boundary condition. To illustrate how the method works in practice, we outline the calculation of two master integrals in Section 3.
The master integrals computed using this method are listed in Section 4, which also contains a reference list of simpler master integrals for planar two-and there-point functions, which appear in the reduction of the four-point functions considered here. Section 5 contains concluding remarks and an outlook on potential applications and open problems.
We enclose an Appendix which summarises the properties of the harmonic polylogarithms (HPL) [15] and extends the underlying formalism towards the newly introduced two-dimensional harmonic polylogarithms (2dHPL). In the Appendix, we also tabulate relations between the HPL/2dHPL and the more commonly known Nielsen's generalised polylogarithms [16, 17] . We then give the expression of all (ordinary and two-dimensional) harmonic polylogarithms appearing in the divergent parts of the master integrals computed in this paper in terms of generalised polylogarithms of suitable arguments. As a consequence, the harmonic polylogarithms of weight 4 appearing in the finite parts of the master integrals can all be represented as one-dimensional integrals over ordinary Nielsen's polylogarithms up to weight three. Their precise numerical evaluation can be obtained by a simple extension of the techniques of [17] .
Differential Equations for Master Integrals
The use of differential equations for the computation of master integrals was first suggested in [18] as means to relate integrals with massive internal propagators to their massless counterparts. The method was developed in detail in [19] , where it was also extended towards differential equations in the external invariants. As a first application of this method, the two-loop sunrise diagram with arbitrary internal masses was studied in [20] . We have developed the differential equation formalism for two-loop four-point functions with massless internal propagators, three external legs on-shell and one external leg off-shell in [6] . We derived an algorithm for the automatic reduction by means of computer algebra (using FORM [21] and Maple [22] ) of any two-loop four-point integral to a small set of master integrals, for which we derived differential equations in the external invariants. For all master integrals with up to five internal propagators, we solved the differential equations in a closed form for arbitrary number of space-time dimensions d. In the present work, we elaborate on these results by deriving Laurent expansions around ǫ = 0 for all master integrals derived in [6] as well as all remaining planar master integrals with six or seven propagators.
Four-point functions depend on three linearly independent momenta: p 1 , p 2 and p 3 . In our calculation, we take all these momenta on-shell (p 2 i = 0), while the fourth momentum p 123 = (p 1 + p 2 + p 3 ) is taken off-shell. The kinematics of the four-point function is then fully described by specifying the values of the three Lorentz invariants
Expressing the system of differential equations obtained in [6] for any master integral in the variables s 123 = s 12 + s 13 + s 23 , y = s 13 /s 123 and z = s 23 /s 123 , we obtain a homogeneous equation in s 123 , and inhomogeneous equations in y and z. Since s 123 is the only quantity carrying a mass dimension, the corresponding differential equation is nothing but the rescaling relation obtained by investigating the behaviour of the master integral under a rescaling of all external momenta by a constant factor.
Some of the master integrals under consideration do not depend explicitly on all three invariants, but only on certain combinations of them, thus being one-scale or two-scale integrals. The one-scale integrals can not be determined using the differential equation method, since the only non-trivial differential equation fulfilled by them is the homogeneous rescaling relation. These integrals are relatively simple and can all be computed using Feynman parameters [23, 24] . The two-scale integrals fulfil, besides the rescaling relation, one inhomogeneous differential equation, which can be employed for their computation. These integrals have all been computed in [6, [25] [26] [27] , where they are given in a closed form for arbitrary ǫ.
The solution of differential equations for two-loop four-point functions with one off-shell leg in terms of hypergeometric functions, was discussed in detail in [6] . Although this method yields at first sight very compact results for arbitrary ǫ, it is not very well suited for practical applications, where an expansion around ǫ = 0 is needed. The major problem with this approach is the appearance of generalised hypergeometric functions which can be expressed only in terms of multidimensional integrals. The evaluation of these multiple integrals to the required order of the ǫ-expansion is a problem comparable to the direct evaluation of the master integral from its Feynman parameter representation. To solve the differential equations for the three-scale integrals, we choose therefore an approach different from the one pursued in [6] .
The procedure employed here is as follows. In the y and z differential equations for the master integral under consideration, the coefficient of the homogeneous term as well as the full inhomogeneous term (coefficients and subtopologies) are expanded as a series in ǫ. For the master integral, we make an ansatz which has the form
where the prefactor R i (y, z; s 123 , ǫ) is a rational function of y and z, which is multiplied with an overall normalisation factor to account for the correct dimension in s 123 , while H i (y, z; ǫ) is a Laurent series in ǫ.
The coefficients of its ǫ-expansion are then written as the sum of 2dHPL up to a weight determined by the order of the series:
where the H( m j ; y) are 2dHPL and T n (z), T n, mj (z) are the as yet unknown coefficients. This form is motivated by the expectation that two-loop four-point functions can diverge up to 1/ǫ 4 , as obtained by considering soft and collinear limits of internal propagators [28] ; p is an -a priori unknown -integer number, accounting for the fact that some of the master integrals might have a lower superficial degree of divergence. V j (z) is the set of all possible indices for 2dHPL of weight j (j-dimensional vectors made from the components (0, 1, 1 − z, z)). The T n (z) and T n, m (z) are unknown coefficients, which can contain in turn ordinary one-dimensional HPL depending on z. With the ansatz (2.2), the leading 1/ǫ 4 -singularity corresponds to p = 0 and n = 0.
The rational functions R i (y, z; s 123 , ǫ) can be determined from the homogeneous part of the differential equations in y and z by inserting only the constant n = 0 term of H i (y, z; ǫ).
It turns out that for all topologies which contain a single master integral, only one R(y, z; s 123 , ǫ), and consequently also only one H(y, z; ǫ), are present, such that the sum in (2.1) is not needed. For both topologies containing two master integrals, only one R(y, z; s 123 , ǫ) and H(y, z; ǫ) per master integral are sufficient, provided that the basis of first and second master integral is chosen appropriately, as explained later in this Section.
Having determined the prefactor R(y, z; s 123 , ǫ) for the master integral under consideration, we rewrite the y differential equation for the master integral into a y differential equation for H(y, z; ǫ). From the ǫ-expansion of the inhomogeneous term, one can read off the value of p, required to match the order of the Laurent series of the master integral to the Laurent series of the inhomogeneous term.
By construction of the 2dHPL, their derivative with respect to y is straightforward (see Appendix A.2):
where the f (m; y) are nothing but the y-dependent denominators present in the differential equation.
Inserting the right hand side of (2.2) into the y differential equation for H(y, z; ǫ) and differentiating according to the above rules, the differential equation becomes a purely algebraic equation. Grouping the different inverse powers of y, (1 − y), (1 − y − z) and (y + z) and using the linear independence of the H( m j ; y), this algebraic equation can be translated into a linear system of equations for the coefficients T n, mj (z). The resulting system of typically several hundreds of equations can be solved for the T n, mj (z) using computer algebra (here we employ the same algorithm as used already in [6] for solving large numbers of integration-by-parts and Lorentz-invariance identities). The T n (z), which do not multiply any y-dependent function in the ansatz and can therefore not be determined in the above way from the differential equation, correspond to the boundary condition. They are determined by exploiting the fact that all planar master integrals as well as their derivatives are analytic in the whole kinematical plane with the exception of the two branch points at y = 0 and z = 0. As a consequence, any factor (1 − y), (1 − y − z) or (y + z) appearing in the denominator of the homogeneous term of the differential equations for a master integral can be used to determine the boundary condition in y = 1, y = (1 − z) or y = −z respectively: multiplying the differential equation with this factor and taking the limit where the factor vanishes, one obtains a linear relation between the master integral in this special kinematical point and its subtopologies, no longer involving any derivatives.
Some special care has to be taken in the case of topologies with two master integrals. Our choice ofwe can then determine by comparison with the ǫ-expansion of the inhomogeneous term that p = 0 for (2.4) and p = 1 for (2.5). The coefficients T n, mj (z) appearing in the ansatz are then determined as outlined in the previous Section.
To determine the boundary terms T n (z) for both master integrals, we first investigate the differential equations (3.1,3.2) in the point y = 1 − z, where both master integrals are analytic. Multiplying both equations with (1 − y − z) and taking y = 1 − z, the left hand sides of the equations vanish. From (3.1) we obtain,
(3.5) while (3.2) yields a multiple of this. The point y = (1 − z) can therefore be used only to determine a linear combination of boundary terms from both master integrals. A second boundary condition is obtained by multiplying (3.1) with (y + z) and subsequently taking y = −z, which fixes the boundary terms for the first master integral (2.4). The boundary terms for the second master integral (2.5) follow then from (3.5), thus completing the computation of both master integrals. The results are given in the following section, together with the results for the other master integrals.
Master Integrals
In this Section, we tabulate all master integrals relevant for the computation of planar two-loop four point functions with one off-shell leg. We classify the integrals according to the number of different kinematical scales on which they depend into one-scale integrals, two-scale integrals and three-scale integrals.
The common normalisation factor of all master integrals is
One-scale Integrals
The one-scale two-loop integrals with massless internal propagators were computed a long time ago in the context of the two-loop QCD corrections to the photon-quark-antiquark vertex [23, 24] . We list these integrals here only for completeness:
with:
14) 
Three-scale Integrals
It was outlined in Section 2 that each three-scale master integral fulfils two inhomogeneous differential equations. For the computation of the master integral, it is sufficient to solve one of the differential equations, the second one is then used as an independent check on the result. Following the steps discussed in Section 2 we have computed all three-scale master integrals corresponding to planar topologies. The two different bubble insertions into the one-loop box integral with one off-shell leg were first considered in [27] , where they were computed using the negative dimension approach. We confirmed [6] these results in the differential equation approach. Both [27] and [6] quoted a result in terms of generalised hypergeometric functions, valid for arbitrary ǫ. As explained above, there is no straightforward procedure to expand these generalised hypergeometric functions in a Laurent series in ǫ. Performing the Laurent series in ǫ on the differential equations yields the ǫ-expansion of the master integrals without the need to expand generalised hypergeometric functions. We obtain for bubble insertions into the one-loop box integral:
24) 
with: The diagonal propagator insertion into the one-loop box with one off-shell leg gives rise to two different two-loop topologies, depending on whether the diagonal propagator is attached to the off-shell leg or not. One of these topologies contains one master integral, the other topology two master integrals. The choice of basis of master integrals for the latter and the separation of the differential equations are discussed in Sections 2 and 3.
The master integrals for both topologies were computed in terms of generalised hypergeometric functions valid for arbitrary ǫ in [6] . Again, an expansion in ǫ of these functions is not straightforward, and we choose therefore to obtain the ǫ expansions directly from the differential equations:
'
with: 
with: The only six propagator planar master integral was up to now not known in the literature:
52) 
The seven propagator planar double box topology contains two master integrals. We choose the basis first suggested in [12] for the double box integrals with all legs on-shell, which yields particularly compact results also in our case with one leg off-shell: 
The first of the three-scale double box integrals (4.56), was recently computed by Smirnov [13] using a Mellin-Barnes representation. We confirm this result. Since a comparison of the result of [13] with our result is not straightforward, we outline below the procedure we have employed.
In [13] analytic forms containing Nielsen's polylogarithms are given for all ǫ-divergent terms of (4.56); these terms can be compared directly. For the finite part of (4.56), Smirnov provides in [13] a result involving a one-dimensional integral plus other terms containing only Nielsen's polylogarithms of nonsimple arguments. The integrand of the one-dimensional integral involves products of logarithms with dilogarithms.
To compare with our result, we rewrote the finite part quoted in [13] in terms of 2dHPL. The procedure employed was as follows. In the limit y → 0, we determined the z-dependent coefficients of ln i y (i = 1 . . . 4) as well as the finite z-dependent term. The remaining terms, which are regular in y → 0 were determined from the y-derivative of the result. Taking this derivative, one obtains a combination of rational fractions 1/y, 1/(1−y), 1/(1−y −z) times Nielsen's polylogarithms of level 3. These polylogarithms are differentiated with respect to y again, resulting in (1/y, 1/(1 − y), 1/(1 − y − z)) times Nielsen's polylogarithms of level 2, which are translated into 2dHPL of weight 2. The two y derivatives are undone by integration (keeping correct account of boundary terms by verifying the limit y → 0 at each stage). As a result, we obtain 2dHPL of weight 4, as well as products of 2dHPL with ordinary HPL of z. After converting the overall normalisation factor, we find agreement of [13] with our result (4.56).
Conclusion
Two-loop four-point functions with one off-shell leg are an important ingredient to the calculation of nextto-next-to-leading order corrections to three jet production and related observables in electron-positron annihilation. By exploiting integration-by-parts [3] [4] [5] and Lorentz invariance [6] identities, one can express the loop integrals appearing in these functions as a linear combination of a small set of master integrals. These master integrals are scalar functions of the external invariants, their determination was up to now a major obstacle to further progress in next-to-next-to-leading order calculations.
In the present paper, we compute all master integrals appearing in the reduction of planar two-loop fourpoint functions with massless internal propagators and one off-shell leg. The method employed here relies on the fact that all master integrals fulfil inhomogeneous differential equations in their external invariants. For the master integrals under consideration, these differential equations were derived in [6] . We determined the master integrals by solving the corresponding differential equations, starting from a product ansatz involving a rational function of the external invariants and a sum of newly introduced two-dimensional harmonic polylogarithms. The two-dimensional harmonic polylogarithms are an extension of the harmonic polylogarithms of [15] , builtà la carte to suit the needs of our calculation. We describe the underlying formalism in the Appendix and tabulate the relation of two-dimensional harmonic polylogarithms to the better known generalised polylogarithms of Nielsen [16] . For the divergent parts of the master integrals considered here, we find analytic expressions in terms of generalised polylogarithms of weight up to 3, while the finite part involves also 2dHPL of weight 4 which can be expressed as a one-dimensional integral over a combination of generalised polylogarithms of weight 3 with suitable arguments.
The application of our results to different kinematic situations, as encountered in the next-to-nextto-leading order corrections to vector boson plus jet production at hadron colliders or two plus one jet production in deep inelastic scattering requires the analytic continuation of the two-dimensional harmonic polylogarithms outside the region 0 ≤ y ≤ 1, 0 ≤ z ≤ 1 − y, where they are real. An algorithm to derive these analytic continuation formulae is outlined in the Appendix.
A yet outstanding task is the computation of the master integrals appearing in the reduction of amplitudes with crossed topologies. The derivation of these from the corresponding differential equations should follow the procedure outlined in Section 2. The ansatz does however contain more than one rational function R i , as already observed in the on-shell case [9, 10] . Moreover, the determination of the boundary conditions is more involved since the non-planar topologies have in general three branch points: in y = 0, z = 0 and y = 1 − z. This work will be reported in a separate publication [31] . and the rational fractions in x f (1;
2. For w > 1:
This last relation is the main tool for verifying identities among different HPL. Such identities can be verified by first checking a special point (typically x = 0) and subsequently checking the derivatives. If agreement in the derivatives is not obvious, this procedure can be repeated until one arrives at relations involving only HPL with w = 1. The product identities (A.7) and the integration-by-parts identities (A.9) involve different polylogarithms of the same weight w, as well as products of harmonic polylogarithms of lower weight. They can thus be used to express all polylogarithms of weight w in terms of a so-called 'minimal set' of weight w plus products of HPL of lower weight.
It can be seen from (A.5), that the HPL of parameters (+1, 0, −1) form a closed set under the class of integrations
In the context of the present calculation, it turns out that integrals involving denominators 1/(1 + x) do never occur, the HPL of parameters (0, 1) are therefore sufficient. The HPL of parameters (0, 1) can all be expressed in terms of logarithms and Nielsen's polylogarithms. Up to level m = 4, they read:
A.2 Two-dimensional Harmonic Polylogarithms
The generalisation from one-dimensional to two-dimensional HPL starts from (A.10), which defines the class of integrations under which the HPL form a closed set. By inspection of the various inhomogeneous terms of the y differential equations for the three-scale master integrals discussed in this paper, we find that, besides the denominators 1/y and 1/(1 − y) also 1/(1 − y − z) and 1/(y + z) appear. It is therefore appropriate to introduce an extension of the HPL, which forms a closed set under the class of integrations
Such an extension of the HPL formalism can be made by extending the set of fractions by 13) and correspondingly the set of HPL at weight 1 by
Allowing (z, 1 − z) as components of the vector m w of parameters, (A.5) does then define the extended set of HPL, which we call two-dimensional harmonic polylogarithms (2dHPL). They form a closed set under integrations of the form (A.12), as required. This closure was achieved by construction, showing that the HPL formalism of [15] can be extended to suit the needs of a particular calculation. We do not consider −1 among the components of m w , since they are not needed in the present context. The 2dHPL fulfil the same algebra as the HPL (A.7), and they are linearly independent. The feature of linear independence distinguishes the 2dHPL from Nielsen's polylogarithms of non-trivial two-variable arguments (in the literature, see for example [30] , there are large numbers of relations between Nielsen's polylogarithms with arguments which are rational functions of two variables). Let us observe here that the use of linearly independent functions protects against the danger of writing "hidden zeroes" (complicated expressions whose actual value is identically zero), making it trivial at the same time to carry out those simplifications whose occurrence is among the main features of any analytical calculation. Finally, the integration-by-parts relation (A.9) remains valid also for 2dHPL. Two-dimensional harmonic polylogarithms can be expressed in terms of generalised polylogarithms only up to weight 3. At weight 4, only some special cases relate to generalised polylogarithms. The relations at weight 2 read:
.1 Limiting cases
If y or z are fixed to particular numerical values, or if they are related to each other, 2dHPL reduce to ordinary HPL. We have to derive reduction formulae for several cases, which are relevant to match the boundary conditions of the differential equations we study in this paper. In z = 0 and z = 1, the reduction from 2dHPL to HPL is a mere substitution on the components of m w , combined with an adjustment of the overall sign of the HPL under consideration. The corresponding rules can be derived by writing out the 2dHPL as a multiple integral by repeated application of (A.5): 19) valid for m w = 0, and To derive the transformation formulae in y = 1 − z, y = −z or y = 1 for 2dHPL up to weight 4, we have programmed the underlying algorithm in FORM [21] . It is evident from the above example that the transformation is carried out in a recursive manner, i.e. by using the results for 2dHPL of weight w − 1 in the transformation of 2dHPL of weight w.
which is well defined since all divergent ln(1 − y)-terms were separated off beforehand. These terms are continued according to and H( m; u). All terms proportional to ln v are separated off using the product identities, such that the remaining terms are finite in the limit v = 0, which is the boundary to region (IV). With this example, we have demonstrated how the analytic continuation of 2dHPL can be carried out in practice. The main point to notice is that the analytic continuation formulae (A.28), (A.30) and (A.32) appear to be mutually inconsistent as far as the assignment of imaginary parts to the variables y and z is concerned. This apparent inconsistency is however only an artifact of the identification s 12 = s 123 (1−y −z). Considering the HPL and 2dHPL at weight 1 as the basic objects for analytic continuation (and not the variables y and z) this inconsistency is no longer present. It is sufficient to specify the analytic continuation at weight 1, the continuation for higher weights is obtained recursively from the lower weights.
